Non-trivial braid-group representations can be realized as non-Abelian statistics of emergent Majorana zero modes in one and two-dimensional condensed matter systems. Here, we provide a classical realization of the braid group representation with topologically protected wave-packets in a network of coupled resonators, with a gapped dispersion. Our one-dimensional model is a classical analogue of the Kitaev superconducting chain, with a combination of chiral and spatial symmetries, that support mid-gap edge modes in the topological phase. We implement the braiding procedure of these mid-gap states, using a T-junction setup and show they exhibit non-Abelian interferometry.
A defining characteristic of a topological insulator is the emergence of boundary electron states whenever a sample is halved. Similar topological characteristics have been predicted for classical waves and nowadays the field of topological meta-materials is experiencing a rapid growth over a variety of platforms, such as photonic [1] [2] [3] , phononic [4] [5] [6] and mechanical [7] [8] [9] [10] [11] systems. The classification table [12] also contains the Z 2 topological superconductors and, so far, none of these phases have been emulated with classical systems. Besides the boundary modes, topological superconductors display zero-energy modes stabilized by point-defects [13, 14] and these Majorana quasi-particles are far more exotic than the boundary modes. For example, they display non-Abelian braiding and statistics [13, 15, 16] and, for this reason, the Majorana zeromodes have been proposed as building blocks for topological quantum computation [17] .
At a first glance, it would seem impossible to reproduce these exotic phenomena in a classical passive system, since superconductivity is a purely quantum phenomena. Let us recall that the implementation of the basic Majorana braidings requires adiabatic deformations within the D-class that break all accidental symmetries, particularly the time-reversal and chiral symmetries. As such, the task cannot be accomplished within the BDIclass, for which mechanical analogs already exist [11] . Furthermore, the Z 2 (as opposed to Z) stability is essential for implementing the U 23 exchange for a sequence of four Majoranas [18] , hence the task cannot be accomplished in the AIII class either. Note that the U 12 or U 34 exchanges present no challenges and have been implemented with the Su-Schrieer-Heeger model [19] (for notation see Fig. 4 ). The Z 2 D-class setting is not a convenient choice but a necessity.
Recently, the authors discovered in [20] an algorithmic map which translates any strong topological condensed matter system from the classification table, along with its corresponding symmetries, to an absolutely equivalent topological classical meta-material, built exclusively with passive components. This work also describes how the resulting dynamical matrices can be implemented in a laboratory, using for example magnetically coupled spinners [21] . This opens the intriguing possibility to stabilize Majorana-like modes and evolve them adiabatically to generate non-trivial braid-group representations in an entirely classical setup.
Using this map, we introduce the classical analogue of the PH-symmetric Kitaev chain described in Fig. 1 , where topological mid-gap resonant modes can be indeed stabilized by domain walls (DW) interpolating between trivial and topological regions. Furthermore, since these modes remain pinned at one fixed frequency and follow the adiabatic motions of DWs, we have a unique opportunity to explore their braiding rules. For this, we first demonstrate that there are two distinct fusion channels. Then we describe how a braiding cycle can be implemented with a T-junction and we calculate the non-Abelian braiding matrices for one and two pairs of Majorana modes, using the adiabatic theorem [22] . The results indicate that the braids are topological, in the sense that they do not depend on the details of the implementation, as long as the DWs are kept sufficiently far apart. An analytic demonstration of this fact is also supplied. We conclude with a discussion of the physical implications.
If we encode the degrees of freedom from Fig. 1 in the vector Q = {q α n } and restrict to small oscillations, the collective motion is determined by a quadratic Lagrangian, which in appropriate units reads:
and the equation of motion becomesQ = −DQ. With the couplings from Fig. 1 ,
where ω 0 is the pulsation of the resonators, σ i 's are Pauli's matrices and K is the Kitaev Hamiltonian [13]
with a complex superconducting order parameter ∆ = ∆ x + ı∆ y , on-site chemical potential µ and hopping parameter t. The shift operator of the lattice acts as S{Q
} and the PH-symmetry of (3) is implemented by the complex conjugation C, which remains a symmetry even if the parameters ∆, µ and t are given site dependencies.
All entries in D are real valued, as it should be for passive meta-materials, but this comes at the expense of doubling the Kitaev model. Nevertheless, note the 
, which decouples the two copies. Indeed, if
are the projections onto the symmetry sectors of S y , then
The Π ± sectors remain invariant under the dynamics, hence the mechanical system can be driven exclusively in one or the other sector [23] . As such, from now on, we concentrate exclusively on D + = H + + ω 2 0 Π + , which apart from a shift, is unitarily equivalent with K.
The dispersion equation for a translational invariant
hence the spectrum of D + is symmetric relative to ω 2 0
and displays a gap as long as µ |t|. The system is in a topological (trivial) phase when µ < |t| (µ > |t|). The spectrum of D + for two distinct DW-configurations, created via spatial variation of µ, is reported in Fig. 2 . As expected, there are mid-gap resonant modes trapped at the interfaces between the topological and trivial phases, which are always present regardless of the particular monotonic profile of the DWs [24] . We can continue to spatially modulate the parameter µ and create an unlimited number of domain walls, while maintaining the PH-symmetry at all times. This will result in an arbitrarily large number of spatially localized modes, whose pulsations are all pinned at ω 0 . Furthermore, by slowly changing the profile of µ, one can coherently displace the topological modes in space while keeping the pulsation pinned at ω 0 , without any transfer of matter. This supplies precise rules for how to modify the physical couplings and ultimately implement this program in a laboratory [26] , which is already unprecedented in a mechanical setting. This will enable unique observations and applications as discussed next.
Fusion rules. For a classical system, one has at its disposals two distinct ways of creating the DWs, by interpolating µ between 0 and ±2t as already exemplified in Fig. 2 . We think of these two possibilities as the manifestation of a non-trivial internal structure of same excitation σ, because these two DW configurations can be deformed into each other without breaking the PH-symmetry or closing the bulk gap, e.g. by pushing the DWs all the way to ends of the Kitaev chain. As a result, the topological DW-modes display several nontrivial fusion channels, resembling the fusion rules for the SU(2) level 1. In Fig. 3(a) , we report the spectral flow as two σ-excitations are adiabatically brought on top of each other via the ++ channel. As one can see, the energy of the modes peels off from the mid-gap value and at the end the modes are completely lost to the bulk. Quite opposite, if the σ-excitations are fused in the (+−) channel as in Fig. 3(b) , the modes persist and remain pinned in the middle of the gap. We have verified that this phenomena is not related to particular profiles of the domain-walls and found that the rule is robust as long as the DWs are sufficiently smooth. We think of the result of +− fusion as a new type of excitation ψ. The remaining fusion rules are computed in Figs. 3(c,d ) and as one can clearly see, they match perfectly the ones for SU(2) 1 : σ × σ = 0 + ψ, σ × ψ = σ, and ψ × ψ = 0. Note that these fusion rules are enabled by the ability to control DW configurations of a classical system. Adiabatic deformations. We recall the statement of the adiabatic theorem in quantum mechanics [27] , whose context is as follows. Suppose H(x) is a family of Hamiltonians indexed by a parameter x which leaves in a space X, such that there is an island of spectrum Σ x , which remains isolated for all allowed values of x, such as our mid-gap spectrum. Let P x = χ Σ x H(x) be the spectral projector on this island (here χ is the indicator function). Let γ be smooth curve in X and x t be point which slides with constant velocity v along γ. Denote by H t = H(x t ) the resulting time-dependent Hamiltonian and let U t be the resulting unitary time-evolution, ı∂ t U t = H t U t . If U(t) is the decoupled time-evolution, i.e. the one generated by the spectrally decoupled Hamiltonian P x t H t P x t , then:
where W γ (x) is the monodromy along γ, i.e. the unique solution of the equation:
when integrated over the path γ. It is purely geometric, because the time variable is completely absent from the definition of W γ . Furthermore, when the adiabatic deformation closes, then the transformation depends entirely on γ and it can be conveniently computed as [22] :
where {x i } is a discretization of γ. The quantity ı[∇ x P x , P x ] is called the adiabatic connection in the mathematical physics community and the Wilczek-Zee connection [28] in the physics community.
In our classical mechanics setup, the equation of motion is quadratic, −∂ 2 t Q = D(t)Q. An important result of our work is a demonstration that the adiabatic theorem still applies, in the exact form presented above [18] . More precisely, if the system is excited in any linear combination Q ω 0 of mid-gap states, then at the end of the adiabatic cycle the system will oscillate as:
where the monodromy can be computed exactly as in Eq. (8), with P x 's being the projectors onto the mid-gap spectrum.
Braiding the DW-modes. A refresher on the adiabatic representations of the braid group is supplied in Fig. 4 (for more details, consult [22] ). The braidings will be performed through different fusion channels, using all the available DW configurations and, as we shall see, this will result in different outcomes. We first must make sure that our adiabatic braiding cycles are closed, i.e. H + (t init ) = H + (t final ). For this, we always start/end our adiabatic cycles from a configuration where the zero modes are located at the clean ends of a chain and then we nucleate the desired DW configurations. As for the adiabatic cycle, we employ the standard Tjunction process illustrated in Fig. 5(a) [15] but with one important difference. Note that H + is not symmetric under the inversion operation K , more precisely,
. Hence, the chains come with a definite orientation, shown by the blue arrow in Fig. 5(a) . If one insists on closing the braid cycle, inherently two of the chains will be fused in the wrong order, as it happens at step (2) in Fig. 5(a) . This is also equivalent to say that we are forced to connect two chains with opposite order parameter and, in order to keep the bulk-gap open, that connection requires a rotation in the complex plane of the order parameter ∆. The precise expressions of the Tjunction Hamiltonian is supplied in [18] . Fig. 5(b) reports the evolution of the spectrum of this adiabatic Hamiltonian during the whole T-junction cycle, demonstrating that we were indeed able to engineer the couplings such that the mid-gap sates remain spectrally separated at all times.
We now focus on the topological character of the braids and consider the case of two DWs, hence a two dimensional mid-gap mode space. The important thing is to realize that the mid-gap modes shown in Fig. 2 supply a very special basis. Independent of the location of the DWs in the T-junction geometry, this basis can be canonically generated. Indeed, since the DWs are at large but nevertheless finite distance, the mid-gap modes hybridize and peel off from ω and PHsymmetry assures that the corresponding eigenmodes can be chosen as Q ω 0 andQ ω 0 . Hence
and Ψ 2 = Im[Q ω 0 ] supply a PH-symmetric basis for the space of mid-gap modes. By varying the global phase of Q ω 0 , we can optimally localize this basis on the two DWs. The 1-dimensional spaces corresponding to Ψ 1,2 are swapped after an adiabatic exchange operation, and since the basis remains real at all times, the exchange matrix written in this basis takes an off diagonal form with real entries λ 1,2 . When combined with the unitarity of U 12 , we find that λ 2 i = ±1. This results in two distinct possibilities, modulo an overall irrelevant phase, λ 1 λ 2 = +(−)1 which requires U 12 ∝ τ 1 or U 12 ∝ τ 2 , respectively. Hence, the monodromies are locked into either one of these two choices and continuous deformations cannot switch them, hence the topological character.
The numerical evaluation of the braid matrix was performed using the T-junction geometry and Eq 8, for the two braids shown in Fig. 6 via different fusion channels. The two mid-gap mode braid matrix via the (++) channel can be expressed as α(∆t)[ıσ 2 ], were α(∆t) plotted in Fig. 6 as a function of the ∆t → 0. The fit to the scaling function, plotted in blue in Fig 6, gives α(∆t → 0) = 0.99978, virtually converging to 1. Via the (−−) channel, we find α converges to −1. For the other more complicated braids, we found the braid matrix to be given by β(∆t)[ıσ 2 ⊗ σ 2 ] in the (++++) channel and −β(∆t)[σ 1 ⊗σ 1 ] in the (+−−+) channel, where β(∆t) is plotted in red in Fig 6, with β(∆t → 0) = 0.98054.
In conclusion, we have provided evidence that nontrivial unitary representations of the braid group can be generated with adiabatic cycles in classical metamaterials. Our results are based on realizing the classical analogue of D-class systems in one-dimension, which are characterized by a Z 2 topological invariant. We further point out that this opens the possibility for realization of nontrivial braiding in other artificial systems, such as cold atom lattices or ion traps, where the additional requirement of quantum entanglement can be satisfied for possible application to topological quantum computation.
SUPPLEMENTAL MATERIAL
Adiabatic theorem. Let us consider an adiabatic deformation D t of the dynamical matrix which starts at t = 0. Hence, D t is time-independent for t < 0. We want to characterize the solutions of the equation
For this, consider the first order equation
which makes sense because D t 's are positive operators, and observe that
Hence, both components ofQ supply solutions to the equation of motion (10) in the adiabatic limit. Hence, it seems reasonable to consider the time evolutionŨ t associated toD t , defined by the functional equation ı∂ tŨt =D tŨt ,Ũ 0 = I and to consider solutions of the typeQ
Such a solution satisfies the initial conditions
If the system is in a normal state prior to t = 0, such as in a linear combination of mid-gap states, thenQ(0) = ıω 0 Q(0) and
Hence, each component ofQ(t) from Eq. 13 satisfies the initial conditions of (10), hence they supply the physical solution. Now let X be the parameter space associated with the braidings described in the main text, and let D x be the dynamical matrix for a configuration x ∈ X. The spectrum of D x is positive and the spectrum ofD x is
Furthermore, if
Now assumed the domain walls are in a configuration x and that the system is excited in a linear combination of mid-gap modes, hence a Q ω 0 with D x Q ω 0 = ω 2 0 Q ω 0 . Then we start the adiabatic braiding cycles and, according to the above arguments, the adiabatic time evolution of the system can be determined from:
The standard adiabatic theorem from quantum mechanics applies, hence:
Since we pick the symmetric combination (see Eq. (16)), the time-propagated state belongs to the +ω 0 spectral space ofD, hence the projected evolutionÛ t reduces to e ıω 0 t . The conclusion is:
If we compute W γ using Eq. 8, and take into account that:
whereP ±ω 0 are the spectral projectors ofD onto ±ω 0 and P ω 0 is the spectral projector of D onto ω 2 0
, then
The conclusion is that the solution of Eq 10 in the adiabatic limit is:
for any initial linear combination of mid-gap states.
The adiabatic T-junction cycle. Here we describe the time-dependent Hamiltonian associated with the Tjunction process. For this, it is enough to supply the site dependence of the parameters µ and ∆ = |Delta|e ıφ (t = 1, |∆| = 1) for the three finite chains of T-junction geometry, labeled by 1,2,3 below. For each chain, the sites run from 1 to L, where L is typically 100 in our simulations.
• Leg (1) of the cycle (t ∈ [0, 1]):
and • Leg (2) of the cycle:
µ(n, 1) = 2 µ(n, 2) = 2 − tanh n−x 1 +tL + tanh n−x 2 +tL µ(n, 3) = 2 − tanh −n−x 1 +tL + tanh 
and φ(n, 1) = φ(n, 2) = φ(n, 3) = 0.
The inter-chain connecting Hamiltonians can be straightforwardly derived from the above expressions. Those hopping terms are set instantaneously at the beginning of each leg and are kept constant during the evolution. At the end of the leg, the connecting hopping terms are instantaneously set to zero. We found that this non-adiabatic actions have little effect on the braids, as long as the DWs are faraway from the ends of the chains.
The U 23 exchange matrix. Consider four DWs along a chain as in Fig. 7 . If one tries to use the T-junction method to exchange DWs 2 and 3, the one will have to make cuts through the topological sector of the chain. Such actions will close the gap, hence T-junction is useless when it comes to generating the exchange transformation U 2,3 . Fig. 7 supplies a practical alternative. Note that at step (C), the wires are cut at points in the topological region and then reconnected. This can be done only for Z 2 classification. Indeed, bringing together the two Z 2 -topological wires result in a topologically trivial system, as is always the case when stacking even number of Z 2 -topological systems. Hence we can indeed safely cut the wires without closing the bulk gap. This step will be impossible if the wires were from the BDI or AIII classes, which are classified by Z.
